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Polynomial 1111.\ of graphs on
the torus
$(\mathrm{T}_{0\mathrm{S}^{\}_{1}}}\backslash 1\gamma a\overline{\mathrm{O}}_{\iota^{4[] 1}}^{\backslash }\mathrm{b}\mathrm{o})$
1.
$K$ $\mathbb{C}^{n}$ $C(K)$ $K$
Banach $f\in C(K)$ $\sup$-norm $||||$
$f_{i},$
$\cdots,$ $f_{m}\in C(K)$ $[fi, \cdots, f_{m};K]$
$\mathbb{C}^{n}$
$z_{1},$ $\cdots,$ $z_{n}$ $K$ $P(K)$
$K$ polynomial hull $\hat{K}$
$\hat{K}=$ { $z\in \mathbb{C}^{n}$ : $|p(z)|<||p||$ , for every polynomial $p$}.
$\hat{K}=K$ $K$ polynomially
convex set $f$ $\Sigma,$ $\Sigma_{f}$ $\Sigma(f, K)$
$\Sigma=\{(_{Z}, f(Z))\in \mathbb{C}^{n+1} : z\in K\}$ .
$\pi$
$\mathbb{C}^{n+1}\vdasharrow \mathbb{C}^{n}$ $\pi(z, zn+1)=z,$ $z\in \mathbb{C}^{n}$
$D=\{\lambda\in \mathbb{C} : |\lambda|<1\},$ $T=\{\lambda\in \mathbb{C} : |\lambda|=1\}$ $T^{2}=T\cross T$
$B= \{z=(z_{1}, \cdots, z_{n})\in \mathbb{C}^{n} : \sum_{\mathrm{j}=1}^{n}|z_{j}|^{2}<1\}$
$\partial B$
$K,$ $f$
(1) $\Sigma_{f}$ ? $P(\Sigma_{f})=$
$C(\Sigma_{f})$ $[z_{1}, \cdots, Z_{n}, f;K]=o(K)$ ?
(2) $\hat{\Sigma}\neq\Sigma$ $\hat{\Sigma}\backslash \Sigma$ ( ) \theta $\hat{\Sigma}\backslash \Sigma$
?
$K$ $T$ Wermer maximality theorem $f\in$
$C(T)$ $\pi(\Sigma)\wedge=\overline{D}$ $\pi(\Sigma)\wedge=T$







$f(z_{1}, z_{2})=z_{1}\overline{z}_{2}$ $\Sigma\wedge\backslash \Sigma$ 6 $([\mathrm{A}\mathrm{R}])$
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$K$ $\mathbb{C}^{2}$ $T^{2}=T\cross T$ $f$
.
$r$
. $n$ $\lambda_{1},$ $\cdots,$ $\lambda_{n},$ $\lambda_{1}\cdots\lambda_{n}\neq 0$ $J=\{j\in$
$\{1, \cdots,n\}:|\lambda_{j}|=1\}$ $f(z_{1}, z_{2})=(\overline{z}_{1}-\overline{\lambda}_{1}\overline{z}_{2})\cdots(\overline{z}_{1}-\overline{\lambda}n^{\overline{Z}_{2}})$
(1) $J=\phi$ $\hat{\Sigma}=\Sigma$ . $[z_{1}, Z_{2}, f;T2]=c(\tau^{2})$ ,
(2) $J\neq\phi$ $\wedge=\Sigma\cup\bigcup_{\mathrm{j}\in J\{(zZ0)}1,2$, : $z_{1}-\lambda j^{Z}2=0,$ $z2\in D$ }.
2.
$M$ $\mathbb{C}^{n}$ $U$ C\infty $x\in M$
$M$ $TaeM$ $M$ totally real $x\in M$
$T_{x}M$
$T_{l}M\cap iTaeM=\{0\}$ .
1. $\rho_{\mathrm{j}},$ $j=1,$ $\cdots,$ $n$ $U$ C\infty $N=\{z\in$
$U:\rho_{\mathrm{j}}(z)=0,$ $j=1,$ $\cdots,n\}$ $N$ Jacobian det( )\neq 0
(1) $N$ $U$ totally real submanifold
(2) $f$ $U$ C\infty $\Sigma(f, N)$ $U\mathrm{x}\mathbb{C}$ totally
real submanifold
2. ([Nwl, cf. [AW21)
$M$ $U$ C\infty tota y real submanifold
(1) $z^{0}\in M$ $\overline{B}_{0}\cap M$ $z^{0}$
$B_{0}$
(2) K $M$ $P(K)=C(K)$ .
totally real set $([\mathrm{S}1])$
$L$ $\mathbb{C}^{2}$ $g$ $U$
$N=\{z\in U:\overline{g}(z)=h(Z)\}$
3. $K$ $\cap N$ $\wedge\subset L\cap N$.
totally real
$\Delta(z)=|\frac{\frac{\partial g(z)}{\partial h(z\partial z_{1})}}{\partial z_{1}}$ $\frac{\frac{\partial g(z)}{\partial^{\partial z2}h(z)}}{\partial z_{2}}|$ .
4. $z_{0}\in N$ $\Delta(z^{0})\neq 0$ $B_{0}\cap N$ totally
real submanifold $z^{0}$ $B_{0}$
. $z_{\mathrm{j}}=x_{\mathrm{j}}+iy_{\mathrm{j}}(x_{j},y_{\mathrm{j}}\in R, j=1,2)$ $g=u+iv,$ $h=$
$U+iV$ ($u,$ $v,$ $U,$ $V$ ) $\rho_{1}=U-u_{1},$ $\rho_{2}=V+v$
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$N=\{z\in U:\rho_{\mathrm{j}}(z)=0, j=1,2\}$ $\circ$ Cauchy-Riemann




$A$ Banach algebra $\mathcal{M}(A)$ $A$
$f\in A$ Gelfand $\hat{f}$ $\hat{A}=\{\hat{f} : f\in A\}$
$\hat{A}$ Shilov $S(A)$ $f1,$ $\cdots,$ $f_{m}\in A$
$\sigma(f_{1}, \cdots,f_{m})=\{(\hat{f}_{1}(\varphi), \cdots,\hat{f}m(\varphi))\in \mathbb{C}^{m} : \varphi\in \mathcal{M}(A)\}$ .
5(cf. [AW2]). $fi,$ $\cdots,$ $f_{m}$ $A$ $\sigma(fi, \cdots, f_{m})$
$\mathbb{C}^{m}$ $\Phi(\hat{f}_{1}(\varphi), \cdots,\hat{f}_{m}(\varphi))$
$\Phi$ : $\mathcal{M}(A)arrow C^{m}$ $\sigma(fi, \cdots, f_{m})$
$A=P(K)$ $\mathcal{M}(P(K))$ $\hat{K}$ –
$\hat{A}=P(\hat{K})$ Shilov Idempotent
theorem $P(K)$
6. $K$ $\mathbb{C}^{n}$ $\hat{K}$
7. OROSSi local maximum modulus principle)
$\psi\in \mathcal{M}(A)\backslash S(A)$ $\psi\in \mathcal{M}(A)\backslash S(A)$ $\psi$ $U$
$f\in A$
$| \hat{f}(\psi)|\leq\max_{\varphi\in\partial U}|\hat{f}(\varphi)|$ .
8. $L$ $\mathbb{C}^{2}$ $U$
$f$ $g$ $U$ $N=\{z\in U : f\overline{(}z)=g(z)\}$ $K$
$N\cap L$ $z^{0}\in N\cap L\backslash K$
$\Delta(z^{0})\neq 0$ $z^{0}\not\in\hat{K}$ .
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. $z^{0}\in\hat{K}\backslash K$ 2 4 $z^{0}$
$B_{0}$ :
$\overline{B}_{0}\cap K=\phi$ , $P(\overline{B}_{0}\cap N)=C(\overline{B}_{0}\cap N)$ .
$V=N\cap\hat{K}\cap B_{\mathit{0}}$ $bV$ $\hat{K}$ $V$
$bV=\phi$ $\hat{K}$ $\overline{V}=V$ $\overline{V}\cap\hat{K}\backslash V=\phi.\hat{K}$
$bV\neq\phi$ $f\in C(\overline{V})$ :
$|f(_{Z}0)|>1$ , $||f||bV<1$ .




9. $f\in C(T^{2})$ $(Z_{1}^{0}, Z_{2}^{0})\in T^{\mathit{2}}$ $(z_{1}^{0}, z_{2}, Z_{3})00\in\hat{\Sigma}$
$z_{3}^{0}=f(z_{1}^{00}, Z_{2})$
1. $n$ $f(z_{1} , z_{2})=$ $\overline{z}_{1}^{n}$
$\hat{\Sigma}=\Sigma\cup$




$\hat{\Sigma}=\Sigma$ , $[z_{1}, z_{2}, f;T\mathit{2}]=c(\tau^{2})$ .
3. $f(z_{1}, z_{2})=z_{1}\overline{z}_{2}$ $\Sigma$
$\hat{\Sigma}=\{(z_{1}, z_{2,3}z)\in \mathbb{C}^{3} : z_{1}=z_{2}z_{3}, |_{Z_{\mathit{2}}|}\leq 1, |z_{3}|\leq 1\}$
$\hat{\Sigma}\backslash \Sigma$ 4
3.










$M= \{(_{Z_{1},Z_{2})}\in\overline{D}^{2}\backslash (T^{2}\cup E) : \Pi_{\mathrm{j}=1}^{n}(_{\overline{Z}}1-\overline{\lambda}_{\mathrm{j}}\overline{Z}_{2})=\frac{1}{z_{1}^{n}z_{2}^{n}}\Pi_{\mathrm{j}=1(-\overline{\lambda}z}^{n}Z_{\mathit{2}}\mathrm{j}1)\}$
$M$ totally real $M$




$-n^{2}\overline{a}_{n}$ $n^{2}a_{n}$ totally real
$G=\{z\in\overline{D}^{\mathit{2}}\backslash (T^{\mathit{2}}\cup E) : \Delta(z)=0\}$ $0$
$\mu_{j},$ $j=1,$ $\cdots,$ $2n$ :
$G= \bigcup_{=\mathrm{j}1}^{\mathit{2}}\{Z\in\overline{D}2\backslash (\tau^{2}\cup E)n : \frac{z_{\mathit{2}}}{z_{1}}=\mu_{j}\}$ .
$G_{\mathrm{j}}=\{Z\in\overline{D}^{2}\backslash (T2\cup E) : z_{\mathit{2}}-\mu j^{Z_{1}}=0\}$,
$D_{j}^{*}=\{(_{Z_{1},Z_{2}},0) : z_{1}-\lambda_{j}z_{2}=0, z_{2}\in D\}$
$D_{\mathrm{j}}=\pi(D_{\mathrm{j}}^{*})$
(2) $J\neq\phi$ $j\in J$ { $(z_{1}, Z2,0)$ :
$z_{1}-\lambda_{\mathrm{j}}z_{\mathit{2}}=0,$ $z_{2}\in T\}\subset\Sigma$ $D_{\mathrm{j}}^{*}\subset\hat{\Sigma}$ $|\lambda_{1}|=1$
$g=\overline{f}=(z_{1}-\lambda_{1^{Z}}2)F(z1, z_{\mathit{2}}),$ $h=(z_{1}-\lambda_{1^{Z}}2)H(z1, z2)(F,$ $H$
) $(Z_{1}, z_{2})\in D_{1}$ $\Delta(z_{1}, Z_{\mathit{2}})=0$
$J=\{1, \cdots, n\}$ $(z_{1}, z_{2})\in\overline{D}^{2}\backslash (T^{2}\cup E\cup$
$\bigcup_{j=1}^{n}\pi(Dj))$
$|h(z_{1}, Z2)|=| \frac{(-\overline{\lambda}_{1})\cdots(-\overline{\lambda}n)}{z_{1}^{n}z_{2}^{n}}\mathrm{n}^{n}\mathrm{j}=1(Z_{1^{-\lambda}}j^{Z}2)|<|\overline{f}(z_{1}, z_{2})|$
$(z_{1}, z_{2})\not\in M$ . $\hat{\Sigma}=\Sigma\cup\bigcup_{j\in J}D_{\mathrm{j}}$ .
$J\neq\phi$ $J\neq\{1, \cdots,n\}$ $J=\{1,2, \cdots, k\},$ $1\leq$
$k<n$ $\mu_{\mathrm{j}}=\overline{\lambda}_{\mathrm{j}},$ $j=1,$ $\cdots,$ $k$
$(M \backslash \bigcup_{\mathrm{j}\in J}D_{j})\mathrm{n}c_{j}$ $M$ $z_{2}=\mu_{j^{Z}}1$
$|z_{1}|^{2}n= \frac{|\mu_{\mathrm{j}}-\overline{\lambda}_{k}+1|}{|1-\lambda_{k+1}\mu_{j}|}\ldots\frac{|\mu_{j}-\overline{\lambda}_{n}|}{1-\lambda_{n}\mu_{j}|}\frac{1}{|\mu_{\mathrm{j}}|^{n}}$.
$|z_{1}|$ $|z_{1}|=\rho \mathrm{j}$ $M_{j}=(M \backslash \bigcup_{k\in j}Dk)\mathrm{n}c_{\mathrm{j}}$
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$0<\rho \mathrm{j}<1$ , $\beta j=1,$ $|\mu_{j}|<1$
$M_{\mathrm{j}} \subset\bigcup_{j\not\in J}\{(_{Z_{1},z_{\mathit{2}}})\in\overline{D}^{2}\backslash (T^{2}\cup E)$
: $z_{1}-\lambda_{i}z_{2}=0,$ $|Z_{2}|=\rho j1$
( $M_{j}$ ) $\bigcup_{j}M_{\mathrm{j}}\cap(\bigcup_{j}Dj\cup T^{2})=$
$\phi \text{ _{ } _{ }}.\text{ }$ $\cup D_{\mathrm{j}}\cup T^{2}$ $V$ :
$V\cap(\cup D_{\mathrm{j}}\cup\tau^{2})$ totally real submanifold
$\Sigma(f, V\cap(\cup D_{\mathrm{j}}\cup T^{2}))$ totally real $\hat{\Sigma}=\Sigma\cup\bigcup_{j\in J}Dj$ .
$\rho.$; $M_{\mathrm{j}}=\phi$
(1) $J=\phi$ $I=\{i\in\{1,2, \cdots,n\}:|\mu_{i}|=1\}$
(a) $I=\phi$ $V\cap G=\phi$ $V$
$\Sigma(f, V\cap M\backslash T^{\mathit{2}})$ totally real $\hat{\Sigma}=\Sigma$
(b) $I\neq\phi$ $i\in I$ $z_{\mathit{2}}=\mu i^{Z}1$ $M$
$|z_{1}|^{2n}=| \Pi_{j}\frac{\mu_{*}-\lambda_{j}}{1-\mathrm{x}_{\mathrm{j}\overline{\mu}}}.\cdot|=1$ $|z_{1}|=1$ . $M$ totally real
$\Sigma(f, M)$ totally real $\hat{\Sigma}=\Sigma$ .
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